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ABSTRACT

2.

Examination results are used to judge whether an examinee possesses the desired latent skills. In order to grasp the
skills, it is important to find which skills a question item
contains. The relationship between items and skills may be
represented by what we call a Q-matrix. Recent studies have
been attempting to extract a Q-matrix with non-negative
matrix factorization (NMF) from a set of examinees’ test
scores. However, they did not consider the time-evloving
nature of latent skills. In order to comprehend the learning
eﬀects in the educational process, it is significant to study
how the distribution of examinees’ latent skills changes over
time. In this paper, we propose novel methods for extracting both a Q-matrix and time-evolving latent skills from
examination time series, simultaneously.

In the Q-matrix extraction with NMF [1, 2], R represents
an observed examination outcome data for m question items
and n examinees. We define Q as a Q-matrix with m items
and k skills, while we define S as an S-matrix with k skills
and the n examinees. We assume that R is factorized into
two matrices Q and S. If Q-matrix is a conjunctive model,
an examination result may be obtained according to the
equation: ¬R = Q ◦ (¬S) [1]. The operator ¬ denotes a
Boolean negation, which is defined as a function that maps
a value of 0 to 1 and any other value to 0. This equation
will yield 0 in R whenever an examinee is missing one or
more skills for a given item, and will yield 1 whenever all
the necessary skills are mastered by an examinee.

1. INTRODUCTION
The relationship between items and skills may be represented by what we call a Q-matrix [5]. Its original idea came
from the rule space method (RSM) developed by Tatsuoka
et al. [5]. The Q-matrix allows us to determine which skills
are necessary to solve each item. However, the process of determining the skills involved in a given item is a boring and
heavy task. Recently, there exist several studies on how to
extract a Q-matrix from a set of examinees’ test scores [1, 2].
These studies applied the non-negative matrix factorization
(NMF) to the problem of establishing the skills from examinee performance data. They were applied to only static
examination results provided at a certain time. However, in
order to comprehend the learning eﬀects in the educational
process, it is significantly important to study how the distribution of examinees’ latent skills changes over time. There
have been studied on cognitive modeling from student performance over time [3, 4]. From another aspect, we propose
novel methods for extracting time-evolving latent skills. It
enables us to extract both a Q-matrix and time-evolving
latent skills from examination time series, simultaneously.

3.

EXTRACTION OF Q-MATRIX WITH NMF

Q-MATRIX EXTRACTION FROM
EXAMINATION TIME SERIES

We propose an online NMF to extract a stable Q-matrix
from examination time series in an online fashion. The key
idea of the online NMF is that the initial values of matrix inherits those of the decomposed matrix at the previous data.
The online NMF runs sequentially every time an examination result is input. When applying the conventional NMFbased method into such a sequential scenario, it must calculate a Q-matrix of which the initial values are set to random
ones ignoring the lastest ones. Meanwhile, the online NMF
produces a Q-matix letting the initial values be those obtained at the last time. This enables us to learn a Q-matrix
in an online fashion.
In order to make the obtained Q-matrix more stable, we
further propose an online NMF with regularization. In it we
add the regularization term to the squared error function in
the objective function to be minimized so that the Q-matrix
does not change so much. We introduce here a cost function
as follows:
min {k¬Rt − Qt ¬St k2F + λ(t)(kQt−1 − Qt k2F )},

Qt ,St

(1)

where λ(t) is a monotonous increasing function of time. It is
defined as λ(t) = αt/T , where t is a time in (1, . . . , T ), and α
is a constant parameter of the increasing rate. At each time
t, we find Qt and ¬St according to (1), so that the sum of
the factorization error and regularization term is minimized.
We can do this through an iterative procedure in which each
iteration involves two successive steps corresponding to suc-
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Figure 1: The conventional NMF

Figure 2: The online NMF

cessive optimizations with respect to Qt and ¬St . First, we
set Qt by inheriting Qt−1 , and choose ¬St by giving random
non-negative values. Then, in the first phase, we minimize
the cost function (1) with respect to ¬St , keeping Qt fixed.
In the second phase, we minimize the same cost function
with respect to Qt , keeping ¬St fixed. This two-stage optimization is then repeated until convergence.

5.
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Figure 3: The online NMF with
Regularization

CONCLUSIONS

In this paper, we have introduced the online NMF with regularization for the purpose of extracting a Q-matrix and a
time-evolving S-matrix from time series of examination results. We have designed it in order to extract a stable Qmatrix in an online fashion. We have employed a synthetic
data set to demonstrate that it performs more accurately
and in a more stable way than the conventional NMF in the
extraction of the Q-matrix.

4. EXPERIMENTAL RESULTS
In order to verify the eﬀectiveness of our methods, we made
a synthetic examination time series. We generated a timevarying S-matrix and a fixed Q-matrix to obtain ¬Rt according to the equation ¬Rt = Q ◦ (¬St ). A conjunctive
Q-matrix consisted of 31 items and 6 skills. We designed
a time series of ¬St as a process of acquiring skills, on the
basis of the item response theory (IRT) [6].

6.

As a measure of the performance for Q-matrix extraction, we
introduce a Q-matrix error et between Q and an extracted
b t as follows:
matrix Q

7.

b t − Qk2F .
et = kQ

(2)

Figures 1 and 2 show the experimental results obtained using the coventional NMF and the online NMF. Note that
the factorized solutions obtained using the NMF may not be
unique due to the randomness of the initial matrices. Hence
we calculated the mean of Q-matrix errors from 10-fold simulations and indicated error bars indicating the standard deviations. The Q-matrix errors both in Figures 1 and 2 were
large at the initial and the final stages, while the ranks of
matrices were small at the same stages. We calculated the
rank of each matrix ¬Rt by means of QR decomposition.
As a result, there was a correlation between the Q-matrix
error and the rank of matrix. Note that in the conventional
NMF, the Q-matrix error did not become zero at any stage,
and the standard deviations were uniformly large. In the
online NMF, the Q-matrix errors became zero at the middle
stage of t = 7, · · · , 11. However, the Q-matrix error gradually increased after t = 12. Figure 3 shows the result of
the online NMF with regularization. It overcame the problem as above. That is, the Q-matrix error became zero after
t = 12.
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